
eaturesheat
ItDM stack.

- Oq(U) =P(U, Or (YU itale it - scheme)
- extending sections:Oz (X) =Eq(Op (V) ->OF (R)) (FU itle A-DMsead)

(U ->A tale
presentation, R =U x,+V)

-

Go finite group
or Spec A

G-equivanare algebra
-

· A*- Aintegral. IfAfig. / Noetherian Ming R, AP+Afiite

& A* f.s. /R.
· A*- Bring home. G A Spec (BRAGA). Spec(BeAGA)

*
- Spec B

If A*B flat, then B =(B*A*A)*
universal homes

--

&

Structure Theorem

*em. Itseparated DM stack, a e/A) w/ geometric stabilizer Guc.

=>affire etcle maphism +:([Spec A/c.], w) +(2,2)
sit, induces isof gear stabilizer groups atw.
-

day:Keel - MoriTheorem

Lexistence of course modulispaces)



Defx:(t -X is a medulispace (c.m.s.) IfL

alg-stack also space

( Yx =k: ((k)/X(k)

↓
(2) I is universal. o

X
-

. space
(verbally:motivation) X --- - 7

7!

-

b. (1) G finite
group I also space U.

[] -X cms. ) U-X
geometric quotient

(2) x :

2t
+X, Gx=+x3 etcle cavering of X.

alg. stack (alg. space
Fi:FXxX:+ X:cms. ->F:It +X comes.

-

Desirable properties of c.m.s.

(a) stable under flat base change
(b) ** OF =Ox

(a) x is proper

(d) xis universal homeo
-

Amma.(a) => (b)

P.
*
tale

map
X'-X:

z=axxx +x' c.m.s. (-i(a))
=>Mar(X,Al) -> Mar(It'. All bij.
=>T(X! 0x) -> P(A! On) iso.

:Ox +* ON iso.



*ram. Go finite
group

ofSpec A. Consider inan

"-/G]-Spec A* is a cms.

12) Base change of X by flat X'- Spec A* is a c.m.s.

alg. space
(3) X +T&E is iso.

C4 If Ais fig. /Northeran ring
R. A* is E.g. /R

& xis a proper universal homes.
-

Daim.

↓

-

soisset7↓

↓ I ISpec (BRAGA)
* A

I w

d
top, big square I

Spec B -> Spec A*
- =>bottom square A

-
In particular, any base change ofxby flat affore map
is in the form [SpecC/G] -> Spec Ca.

P. (of Theorem)

(1) Spec A -Spec AG geometric quotient. (v)

(2) True when Ais affire&c.m.s. is a stale- local property. (v)-

(3) (2) & previous lemma (v)

finite
Spec A finite =>proper(4) A*5.9. /R. Asep ↓ I
[SpecA/a] - Spec AG

proper
Base change by Spec B ->Spec A*:

[Sp(B*xGA)/G] wie Spec (BRAGA)*-> Spec B (r)
Comes ⒔



Strategy to prove Keel-Mari

--[Spec/an]
-> W

aff,et induced by G- equi->

2 xxw w =[SpecA/G] - I
ing homos A+B

d C.Ms.

↓
c.ms.

-

Spec On -> Spec AOn ... - ?
↑ alg- space

want this to be an tale
equin relation

-

Prop. G finite group, f:Spec A - Spec B G-equir map.-

A, B f.g./Noetherian ring M.
cl

Suppose is -> Spec Asatisfies

(2) fitale at c

(b) induced
map

of stabilizer groups Gis->Gflr biy.
-

Then
I

open affle nbId W C SpecA* of xA (n)

C
S.to W - Spec A*-Spec B* stale and anter square of

-(W) ->[SpecA/a] -> [SpocB/c]
1 I* Las
W - Spec AY -SpecB*

is cartesial.

-

*
Same setting & assumptions as Prop., except

* SpecA saesfy (a), (b).

Then Spec A*- Spec B" etale &

[Spec 4/0] - [SpeB/c]
da A ↓ Ep

SpecA* -> Spec BY



#I. (of p.)

&

Question is tale local around xply) eSpec BP. (y =f(x))

Y-Spec B*affune etale abdd of xp(y)

[Spec A/c] -> [Spec B/a) [SpecA/G] - [Spec B'/a]
↓*A ↓E Lan ↓Ri

Spee As
->

Spec BY Spec A'* I Spec B'*
4

eWXA(x) - -

- xA(
base change via y

Take W =Im(W' -Spec A* - Spec A*). Done by tale descent)

-2 Step 1 allows to take B* strictly herseliam.

(Due to ysh=Yx, descentofmorphisms Iproperties
-

under limies)

3 BG-B finite =>B=B, x ... x Br product of

strictly herselian local rings.
=>another reduction where is is son, locals

G fixes oc,y while
acting trivially

-- etale on 22

on residue fields (x(a) =xCy).
->SpecA I Spec B
-
S

Ifyou
and closed

I immersion

2m/s) =
[SpecA /6] -> ISpocB/c]

IA BL ↓ I
Specia-

Spec A* T Spec

-
E



Erem. (Keel - Mari Theorem)

It =DM stack separated and finite type/Naetherian alg. space S.
Then Ec.m.s. x:A +X with Ox =axOx s.t.

(i) X separated & fit. /S
(2) Aproper universal homes

-

132 flat marphism X+X of algo spaces, Itxxx'+X' comes.

P eshow(existence of c.mis.)
·

can assume S =Spec (R) affine.

·question Zaviski-local on EC. =suffices to show
x

Fal
pointhas open bid thathas c.m.s.

WEf:(W =[SpecA/an], w) -(i, a).
liso on geo. Stabilizer graps on w)
u
2

Wam locus in IWI where
map of stabilizer

groups is big is open.
# Fiber of Im ->SXT over 2 GWCk)

Gr- Geri- Spee(t)
is G2-> Gf(e). ↓ - 1r d

I- IsAW-w
Iw In XW =>

↓ 1 ↓
Pz(12xw)((2w)) *w

W-I Itale

aftere
W - u +W is

⒔



xw:N +W = Spec A* cms.

Take xw(w) -X, =D(h) & 4w (W).

=>It, =aw(X) -X, identified as [SpecA./Gn]- Spec AP
This gives an affire stale maphism g:(i, = [SpecAyan],w)

-> (7,x)in which all
maps

of stabilizer
groups are boy.

-

gen subseach
L

Now we show Co=Im(g) admits a c.m.1-

Az It.*so[Spec (t] * [↓ ->SpecAr/G] get, suf.-
- 11

- SHe =It. X
a It, ->I- Its

cmsif At amost =↳

Xz -

"G
-> X, -> Xo= */Xz"

Spei Az
SparA,

--

g induces by, of it groups

=>some holds for Is It.

=>by Go, X2 = X, itale. (etcle grapoid structure)
-> 182) +(22) x(A.) inof al

points,

so X2 X, itale equivalence relation.
-

Iz
suf 2 -Xo c.m.s.

·ente↓↓C.M.S.atex Conditions i =)pr X

↓
Xz

***sep
X. -Xo



fr. (Local seructure of arms.)

2) =DM stack fie, sep/Natherian also space S,
x: +X c.m.s.

Yc1
p
=xe(7):[SpecA/Gn] - A

↓ ↳ Lis
SpecA* -> X

Sit. Spec A**-X is tale abhd of akil

-

↓
op. It DM stack fit. Sep/ Noetheran alg. Space S,

x:Et+ X cm.s.

If I LB on It, then for suff. divisible N

YON descends to X.


